An atomic-resolution nanomechanical mass sensor based on circular monolayer graphene sheet: Theoretical analysis of vibrational properties J. Appl. Phys. 113, 154313 (2013) The vibrational states of atomic and molecular particles adsorbed on long linear nanographenes are described using reliable theoretical potentials and appropriate vibrational (lateral) Hamiltonians. Although they rigorously obey the Bloch theorem only for infinite nanographenes, the energy patterns of the probed states closely resemble the usual Bloch bands and gaps. In addition, for any finite nanographene, these patterns are enriched by the presence of "solitary" energy levels and the "resonance" structure of the bands. While typical band states are profoundly delocalised due to a fast tunneling of the adsorbed particle, the "solitary" and "resonance" states exhibit strong localisation, similar to the behaviour of the states of the Wannier-Stark ladders in optical and semiconductor superlattices.
I. INTRODUCTION
Just like any quantum particle moving in a periodic potential (electrons in a crystalline solid, atoms in optical lattices, etc.), an atomic/molecular particle physisorbed on a "periodic" surface acquires lateral (translational) energies which form Bloch bands and are spread across the wells of the "confining" lateral potential because of quantum-mechanical tunneling. 1, 2 Strictly speaking, this is rigorously valid only for unconfined translationally symmetric systems, such as infinite periodic structures (e.g., graphene 3 ) and periodic closedring structures (e.g., cycloparaphenylenes 4 ), which obey the famous Bloch theorem. 5 However, although possibly macroscopic (see, e.g., Ref. 6) , real systems are neither infinite nor perfectly periodic. Nevertheless, there are a great number of interesting phenomena that have been explained using this theorem, thus raising questions related to the principal features of the real systems, i.e., finiteness and periodicity. Obviously, these questions may be answered on the basis of actual calculations on suitable models, for instance, on carbon-based nanoparticles, which are promising not only in terms of applications 7 but also as models which are tractable by means of the present state of the art of ab initio theory. 8 Probably the simplest of these models are linear polyacenes and circumacenes, Fig. 1 . Therefore, we have selected them for our model calculations.
II. SYSTEM
To make the calculations feasible, the probed nanographenes are assumed to be frozen at the geometries taken from the literature (see Refs. 2 and 9), i.e., the only a) E-mail: spirko@marge.uochb.cas.cz considered motions are the lateral motions of the adsorbed particles. Furthermore, as the energy content of the x lateral motion of the adsorbed atom along the molecular chain is much smaller than the ones of the "perpendicular" y and z motions (see Fig. 2 ), it is also assumed that the x motion is separable from the y and z motions using the standard Born-Oppenheimer (adiabatic) approximation, which is based on solving the following Schrödinger equation (x being a fixed parameter; see e.g. Ref. [10] 
where μ is the appropriate reduced mass and v y and v z are the vibrational quantum numbers of the high-frequency motions; the actual solution is performed variationally in terms of basis sets consisting of eigenfunctions which are obtained numerically from the corresponding uncoupled one-dimensional Schrödinger equations for the "perpendicular" motions along the y and z coordinates
(2) Finally, the energies and wavefunctions of the total dynamical problem are obtained by solving the x variant of the latter Schrödinger equation with V (x) successively replaced by the effective potentials V (v y ,v z ) (x):
FIG. 1. The reference coordinate system and definition of the adsorption site for a general polyacene and n-circumacene.
x-modes), e.g., for all the lateral states of the argon atom adsorbed on polyacenes that occur below the first vibrational levels of the y and z modes (see Fig. 2 ), for some of the higher lying states, particularly for the coinciding ones from the |v x = 0; v y = 0 >, |v x = 0; v y = 1 >, and |v x = 0; v y = 2 > manifolds, one may have to account for appropriate nonadiabatic couplings (note that the energy separation of the z-motion is large enough not to interfere with the studied low-energy dynamics (compare the left and right panels of Fig. 2 ). Yet, as it will be argued in Sec. V, one can anticipate that respecting these couplings does not rule out the localisation phenomena predicted in the one-dimensional adiabatic approximation.
The same situation as in the case of the adsorbed argon on polyacenes is also faced in the case of the hydrogen molecule physisorbed on circumacenes. In this case it is important that the hydrogen molecule can be treated as a particle possessing no internal degrees of freedom thanks to a very profound separability of the hydrogen molecule rotational motion from its lateral degrees of freedom (see Refs. 2, 11, and 12).
III. ENERGY LEVELS AND WAVEFUNCTIONS OF PHYSISORBED SPECIES A. Methods
To avoid any reference to the Bloch theorem and even any assumption of finite periodicity (see, e.g., Ref. 13), the lateral Schrödinger equations are integrated numerically using the standard Numerov 14 and Johnson 15 procedures (it should be stressed that these procedures are especially suitable for infinitely periodic systems for which they can be integrated only over the irreducible Brillouin zones if symmetry boundary conditions are imposed 16 ). Thanks to the imposed approximate assumptions and the very high robustness of Johnson's integration techniques, 15 the proposed approach is capable of treating fairly large systems and thus serving the purposes of this study. The only serious limitation arises from the strong dependence of the density-functional theory/coupled cluster method (DFT/CC) 8 ab initio approach on the size of the model systems. As a matter of fact, even the largest tractable acenes are too short to allow sizable delocalisations of the atom adsorbed and cannot serve directly as reliable models (vide infra). Fortunately, the inner potential energy wells of the finite acenes seem to converge to their "infinite" limit so quickly that the limit is practically achieved already for nonacene, which is still relatively easy to treat using the highly accurate DFT/CC approach available. 8 Therefore, the potential energy functions of the longer acenes can be constructed by a simple extension of the (aperiodic) potential energy function of nonacene by the required number of the elementary module of the potential pertaining to the (periodic) infinitely long acene. Relying on this finding, we also consider it legitimate to adopt this approach for constructing reliable lateral potentials for technologically much more promising nanographenes 17 -for instance, for circumacenes, which we probe here using the potential energy functions with the "outer" wings imitated by the H 2 · · ·7-circumacene (H 2 · · ·C 72 H 24 ) aperiodic potential and the periodic "inner" part made of the "central" well of this potential (for details, see Appendix A). The actual nonacene and H 2 · · ·C 72 H 24 potentials were evaluate using the procedures fully specified in Refs. 18 and 19, respectively. "
B. Results
The actual x lateral energies evaluated for Ar· · ·acenes and H 2 /D 2 /T 2 · · ·circumacenes of different lenghts are illustrated by Fig. 3 , whereas the wavefunctions corresponding to the shortest of the probed systems are illustrated in Fig. 4 . While the wavefunctions of the "band" states are fairly delocalised with overall shapes reminding of a free-particle in a box (see also a discussion of the ground state wavefunctions of Ar· · ·polyacenes in Appendix B), the "solitary" (S) states exhibit exactly the opposite behaviour. A brief inspection of the wavefunctions of the T 2 · · ·18-circumacene reveals that the solitary states are localised predominantly at the edges of the probed circumacenes (see the levels v = 13, 15, 17, and 33 in Fig. 4 , corresponding to the antisymmetric S 1 , S 2 , S 3 , and S 4 states, respectively). Note that the energy positions and/or widths of the bands as well as solitary levels converge for an infinite length of the carbon chains, indicating that the band structure arises because of the periodic potential of the inner chain while the solitary levels arise as the local states of the terminal potential wells in the uplifted parts of the lateral potential.
As the bands become wider for higher energies, the local states of the terminal potential wells occasionally fall within the bands, giving rise to a resonance-like structure in the density of the band states. Accordingly, the wavefunctions corresponding to the "resonance" energies demonstrate a partial localisation of the adsorbed particle at the edges (see the levels v = 39 and v = 45 in Fig. 4 , corresponding to the R 1 and R 2 resonances for T 2 · · ·18-circumacene).
IV. QUANTUM TRANSPORT PHENOMENA IN T 2 · · ·18-CIRCUMACENE

A. Initial states for quantum dynamics
To describe the quantum transport phenomena, one should explicitly account for time. Therefore, we perform quantum wavepacket propagations using the Chebychev propagator for wavefunctions represented on an equidistant grid. 20 The initial states for the quantum dynamics are constructed such that they mimic the T 2 molecule adsorbed on a single site of the carbon chain. In order to prevent tunneling, we place a quadratic potential on each one of the two closest potential maxima. The wavepackets are denoted according to the particular well j and the vibrational excitation v j in the single potential well as j,v j . It is instructive to decompose the initial states into the vibrational eigenstates of the whole system as a basis set. The amplitudes of individual eigenstates are demonstrated in Fig. 5 for different initial wavepackets. Clearly, the wavepackets, which initially mimic the zero-point energy motion v j = 0 in the inner wells |j| ≤ 6, are composed almost only of the states of Band 0. The wavepackets ±7, 0 , ±8, 0 , and ±9, 0 are associated with the solitary levels S 1 , S 2 , and S 3 ; ±10, 0 is associated with the Wannier-like resonance R 1 , which is composed of the levels of Band 2; the wavepackets, which initially mimic the first excited states v j = 1 in the inner potential wells |j| ≤ 7 are associated with Band 1; ±8, 1 is associated with the S 4 solitary level; and ±9, 1 is associated with the R 2 Wannier-like resonance, which is composed of the levels of Band 2.
B. Husimi representation of the quantum dynamics
Husimi distribution P(x, p) is defined as a projection of the wavefunction to minimum uncertainty wavepackets with different mean positions and momenta such that
where the parameter α defines the respective position and momentum widths of the reference Gaussian wavepacket. The Husimi distribution, as it belongs to the Cohen class of distributions, is fully convertible back to the density operator (Refs. 21 and 22) . It typically displays oscillator wavefunctions as coarse-grained classical orbits, where the coarsegraining corresponds to the minimum quantum uncertainty of the reference wavepacket. In the case of a time-dependent dynamical wavepacket, the same oscillatory motion would be displayed as a x − p wavepacket rotating according to the corresponding classical periodic orbit. The width of such a x − p wavepacket would be doubled with respect to the minimum uncertainty, where the proportions of the uncertainty in x and p would be controlled not only by the timedependent wavepacket (x; t) but also by the reference Gaussian, namely, by the parameter α. Therefore, the α selected is to conform to the best resolution and is strongly problemdependent; α = 1/ √ 3 is used below. We have utilised the Husimi distribution as a representation of the time-dependent wavefunctions of the hydrogen molecule T 2 on 18-circumacene. As P(x, p; t) is principally a three-dimensional function, we use its video presentation (Figs. 6-9 (Multimedia view)). Now, we should describe the general composition of the video representations: The upper panel displays the evolution of the amplitude | (x; t)| 2 (red) within the lateral potential (grey), where the bottom line of the wavepacket corresponds to its mean energy |Ĥ | . The bottom panel includes the Husimi distribution P(x, p), which is a two-dimensional function of position x and momentum p. The momentum, however, is replaced by the kinetic energy, E k = p 2 /2μ, where μ is the hydrogen mass. The actual value of P(x, p) is displayed by the "hsv" color scale ranging from blue to red for the lowest to the highest values, respectively. In this panel, we also designate classically allowed regions (white) which coincide with the energy span of the Husimi distribution. The regions marked with black are therefore classically forbidden. In Figs. 7-9 (Multimedia view), we designate also regions with energy lower than the one spanned by the initial Husimi distribution (grey). The two small bottom panels show the lateral x and time axes. The lateral axis shows the most populated regions by the green while the time axis shows the elapsed propagation time in red. 
C. Quantum dynamics in bands, solitary levels, and resonances
The lateral motion, probed here for T 2 · · ·18-circumacene, exhibits four different modes: (i) a low energy motion below the threshold B (Fig. 4) within the inner part of the carbon chain, which is enabled by quantum tunneling; (ii) quantum jumps across the carbon chain without touching the inner part of the chain due to a tun- FIG. 7 . The motion of the adsorbent T 2 on 18-circumacene when it populates Band 1. The initial state resembles a circular classical periodic orbit within the first (j = 1) potential well corresponding to its first excited vibrational state. The classically allowed regions around the wells (white) are interconnected up the eighth wells (j = ±8) indicating that the whole region is accessible by a classical path. Indeed, this path is mostly visited by the dynamical wavepacket, which is able to spread itself up to the seventh potential wells (j = ±7). Interestingly, the eighth wells (j = ±8) are not populated although they are on the classical path as well; the inner part of the chain for Band 1 is thus defined only by the wells −7 ≤ j ≤ 7. The motion of probability density within each well exhibits signs of vibrational motion, namely, rotation around the local periodic orbits. The particle transiting from well to well is strongly influenced by quantum interference such that the probability density is often unexpectedly enhanced and depleted. The initial state resembles a circular classical periodic orbit within the potential well of the ninth site (j = 9) corresponding to its first excited vibrational state. The probability density is immediately transferred to the neighbouring site j = 8 through a classical path (the white regions). From there it leaks to the inner chain while keeping most of the density inside the eighth site, where it forms a coherent-like wavepacket rotating around its local classical orbit. Meanwhile, the leaked probability density travels across the chain until it reaches the j = −9 site at the opposite end. The probability density is accumulated on the j = −9 site forming a typical circular periodic orbit of the first excited vibrational state of the respective potential well. Later we observe that the density leaks out, travelling back again. Note that the amplitude of the density that performs a classical transfer after the j = −9 well has been emptied, is much smaller than one would expect while the probability reappears on the other side of the chain due to the conservation of the norm, illustrating a cooperation of quantum jumps and classical transfer. neling through the gaps mediated by the solitary levels S k (Fig. 3) ; (iii) an above-threshold classical-like motion when the mean energy exceeds B; and (iv) mixed quantum jumps and classical transfer between the two opposite ends of the FIG. 9 . The motion of the adsorbent T 2 on 18-circumacene when it populates the R 2 resonance. The initial state is given by the ground state wavepacket of the j = 10 potential well, resembling a Gaussian. Its large energy spread makes the whole carbon chain classically accessible for the adsorbent (the white regions). Yet the probability density is trapped within the mother well, allowing only for a small probability leak, which travels classically to the opposite side of the carbon chain. The small classical probability is suddenly enhanced when it approaches the j = −10 well, whereas the probability in the mother well is simultaneously depleted. An interplay of the classical transfer and quantum interference effects is evident. carbon chain enabled by the Wannier-type resonances R k (Fig. 3) . A typical quantum evolution of an adsorbed molecule, which initially exhibits zero-point energy motion in one of the inner wells of the carbon chain (j ∈ {−6. . . 6}, v j = 0), is solely caused by the tunneling effect, as illustrated in Fig. 10(a) , which shows the evolution of quantum probability, and Fig. 6 (Multimedia view) showing the evolving Husimi representation of the quantum wavepacket. While initially trapped in one of the potential wells, the wavepacket first diffuses into the neighbouring sites with a half-time of about 0.045 ns. Then the wavepacket moves equally in both directions, with the movement from one side of the chain to the other taking about 0.35 ns. The diffusion takes place exclusively within the 12 inner potential wells, whereas the remaining wells are not accessible. Notably, the described dynamics are to be assigned to the states of Band 0, as evidenced by projections of the dynamical wavepackets j,v j =0 (t) on the eigenstates of T 2 · · ·18-circumacene v , see Sec. IV A.
The levels of Band 1 are populated if the adsorbed hydrogen molecule starts its dynamics from one of the 14 inner wells at the first excited local vibrational state (see Fig. 5 ).
Despite the fact that the mean energies of the wavepacket are only about 7 cm −1 below the potential barriers B, the motion is rather semiclassical in terms of occupying mostly classically allowed phase-space regions, which are identifiable in the Husimi distribution (Fig. 7, Multimedia view ). Yet deep quantum effects affect temporary trapping in individual potential wells, which is clearly indicated by the two-directional motion displayed in Figs. 10(b) and 7 (Multimedia view) . The survival time in a potential well is typically several hundredths of ns. The trapping alternates with the density pouring over the sides of the wells, where the movement to the nearest well takes about 0.004 ns.
The solitary levels S 1−3 consist of nearly degenerate pairs of symmetric and anti-symmetric states, corresponding to dynamical states, where the hydrogen molecule is initially adsorbed in the seventh, eighth, or ninth sites at zero-point energy (see Fig. 5 ). Quantum jumps to the opposite side of the carbon chain is the only conceivable dynamical effect as long as the stationary wavefunctions do not include a significant density in the inner part of the carbon chain (Fig. 4) . The time of tunneling through the quantum gap corresponds to the energy splitting between the symmetric and anti-symmetric states in each pair of the solitary levels and is estimated beyond microseconds, which is far too long to be studied by usual quantum dynamical methods.
Similarly, the dynamics of the states where the adsorbent is initially trapped in one of the eight sites in the first excited vibrational state (j = ±8, v j = 1) largely, although not completely, correspond to the pair of solitary levels S 4 . Note a partial delocalisation of the stationary wavefunctions of the S 4 levels (Fig. 4) , indicating that the particle occupies larger terminal parts of the chain, as if trying to pass through. This is reflected in small contributions of the delocalised states of Band 1 to the dynamics discussed (see Fig. 5 ). The energy splitting of the S 4 levels of ∼0.00006 cm −1 indicates that the quantum tunneling to the opposite site would take a period of ∼100 ns, which is too long for it to be simulated with the methodology used, but we may deduce that the dynamics would bear a character of quantum jumps across a smaller inner part of the carbon chain, which is unoccupied by the S 4 levels.
The levels constituting Band 2 lie above the lowest lateral barriers (B), therefore the corresponding molecular motions are fairly classical without discernible trapping in individual wells. However, two cases are exceptions to the rule: when the T 2 molecule is trapped (i) in the j = ±9 sites at an energy given by v j = 1, and (ii) in the j = ±10 sites at zeropoint energy. These dynamical states are dominated by the energy levels v = 39 and v = 45, namely, the same levels that constitute the Wannier-type resonances R 1 and R 2 , respectively. The dynamical wavepackets actually correspond to the R 1 and R 2 resonances in terms of not only energy positions but also energy widths, compare Fig. 3 and Fig. 5 . Molecular motions imitated by these wavepackets are profoundly nonclassical. The molecule initially adsorbed in the second highest well (j = ±9, R 1 ) oscillates between its original position and its opposite counterpart with a period of about 0.05 ns (Figs. 10(c) and 8 (Multimedia view) ). The molecule visits the inner parts of the carbon chain like in a usual classical motion, but the actual density probability of finding it there is manifestly low, indicating a mixed character of the motion, bearing signs of both classical transportation and quantum jumps. The same phenomenon, bearing more of the quantum features, is observed in the dynamics of the adsorbent initially occupying the most terminal potential well (Figs. 10(d) and 9 (Multimedia view)) . Apparently, the motion can be viewed as a series of periodic jumps between the opposite wells with a meagre chance of finding the molecule in the inner space but a good chance of finding it at both outer wells simultaneously!
V. SENSITIVITY OF THE LOCALISATION PHENOMENON TO THE ADOPTED APPROXIMATIONS
The localisation of weakly bound adsorbents on linear acenes and circumacenes have been predicted using a simplified one-dimensional model as a tool of choice for getting an insight to the problem. Here, we address the basic question whether the localisation phenomenon is not lost if the simplified model is refined.
Let us first discuss the sensitivity of the localisation phenomenon to the changes arising from simple homotropic deformations of the original electronic potentials. Namely, the changes arising from a global multiplicative scaling of the original potentials and a simple "linear" correcting of the edges of these potentials. The impact of these changes has been probed by means of appropriate model calculations. Interestingly, the results obtained exhibit fairly deep similarities, both for the probed systems and their vibrational states. A very illustrative picture of these results has been obtained for the doublet of solitary levels S 4 of T 2 · · ·circumacenes, which is localised in the third well counted from the edge of its original potential (see Fig. 3(d) for the position of the doublet and Fig. 4 for the wavefunction, which is labeled there by v = 33). The S 4 states are near the barrier threshold, therefore their wavefunctions may be expected to be prone to delocalisations towards the neighboring potential wells and to be fairly sensitive to the imposed potential variations, too. Interestingly (see the left panel of Fig. 11 ), despite the latter expectation, the localisation phenomenon survives even sizable overall potential scalings. On the other hand (see the right panel of Fig. 11 ), the localisation effect may be induced or destroyed already by a minute "linear" variation of the potential edges. Of course, a decisive affecting of the states originally localised more strongly would require a more profound modification. Nevertheless, despite the fact that the number of the localised states and their spectral positions may be different for different systems, the very localisation phenomenon appears as a feature that can hardly be destroyed by any reliable refining of the appropriate potentials. Now, let us discuss the role of the perpendicular vibrational motions. Obviously, a complete energy diagram of the lateral states consists of all of the lateral levels pertaining to all of the v y and v z excitations. As the adiabatic potentials are of very similar shapes (see Fig. 12 ), the sets of the corresponding adiabatic levels are generally similar and mutually shifted by the vibrational frequencies in the y and z modes, respectively. 
625, x R (x R = 4.625) and V mod (x) = V (x) for x ∈ −2.625, 2.625 ; x values given in nm. This is illustrated in Fig. 13 for the lateral levels of the y mode of Ar· · ·29-acene. As a matter of fact, the off-planar motion (z mode) has no qualitative effect on the low-energy dynamics of the adsorbent due to the large energy separations of the respective first excited modes, which are given by 45 cm −1 in Ar· · ·acenes (Fig. 2(a) ), and 79 cm −1 for H 2 , 57 cm −1 for D 2 , and 47 cm −1 for T 2 on a graphene sheet (note that the data for graphene, which have been adopted from Ref. 2, are assumed to be similar with the circumacene data).
The adiabatic picture ( The adiabatic picture shows that many lateral levels of v y = 0 are separated from any other levels of the higher y modes, however, this is not always the case: when the solitary levels of the higher y modes are nested in the Bands of v y = 0, we expect an additional Feshbach-type resonance, which corresponds to a temporary localisation of the adsorbent on the edges; when two Bands of different energy widths are nested, we expect a resonance-like structure within the broader Band, which however will not correspond to a spatial localisation.
solitary levels above Band 3, v y = 0 will be intact by the motion along the y axis. Band 4, v y = 0 overlaps with Band 0, v y = 2 and the next few solitary levels for v y = 2. It is expected that the solitary levels in v y = 2 will turn to Feshbachtype resonances, with the typical localisation on the edges and the dynamics similar to the shape-type resonances that are found also in the one-dimensional case. All-in-all we conclude that all phenomena predicted with the help of the one-dimensional approach should survive also in the twodimensional coplanar nuclear motion, although we anticipate that the two-dimensional dynamics is yet more abundant in various types of resonances. Apparently, the same argument applies also to the physisorbed circumacenes.
VI. CONCLUSIONS
The present study of the localised states of the physisorbed particles on the finite nanographenes is focused on theoretically predicting their behaviour. As a matter of fact, the actual calculations have suggested not only their existence but also the reasons for it: obviously, the gradual increase of the potential energy at the edges of the probed nanographenes plays the same role as the electric field applied to periodic semiconductor superlattices or the chirping of the frequency difference of the counterpropagating laser standing waves in optical lattices, thus being responsible for the same localisation effects as those faced in superlattices. In other words, the localised states predicted in this study can be viewed as bound analogues of the famous Wannier-Stark ladder resonances (see, e.g., Ref. 23 ). It is thus not unthinkable to view the probed nanographenes as nanoscopic/mesoscopic variants of the macroscopic semiconductor and optical lattices and, consequently, as possible candidates for the formation of a novel kind of the Wannier-Stark-effect (WSE) based devices, for instance, the formation of nanoscopic analogues of the macroscopic electro-optical modulators. 24 As these modulators can be operated at both low optical and low electrical powers, they appear attractive especially for optical computing. 25 Controlling the motions of solitary adsorbents on nanoscopic/mesoscopic surfaces appears desirable also from the point of view of the new field of solotronics (solitary adsorbent optoelectronics 26, 27 ).
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APPENDIX A: THE CONSTRUCTION OF LATERAL POTENTIALS FOR THE ATOMS AND MOLECULES PHYSISORBED ON LONG CARBON CHAINS
Ab initio potentials based on the DFT/CC method are feasible for short carbon chains up to Ar· · ·nonacene and H 2 · · ·7-circumacene or, on the contrary, for infinite carbon chains, provided that periodic boundary conditions are applied (see Fig. 14) . The potentials for systems with longer but finite carbon chains, too long to be calculated by quantum chemistry methods, are constructed using a convergence of the potential energy functions V (x) of the inner wells to their limit pertaining to an infinitely long carbon chain, as illustrated in Fig. 14 . The potential energy functions consist of the "outer" wings imitated by Ar· · ·nonacene or H 2 · · ·7-circumacene and the periodic "inner" part made of the "central" well of these potentials (see Fig. 15 ). Figure 16 shows the ground-state wavefunction of various Ar· · · polyacenes, demonstrating that the probability den- sity of the adsorbed particle is concentrated in the individual wells but at the same time it develops a cosine envelope, such as a free particle in a box. Here, the free-like motion is enabled by quantum tunneling. Note that the nodes of the cosine envelope do not coincide with the very ends of the chain, where V (x) → ∞, but with the seventh terminal well, thus leaving the six terminal wells unoccupied and detached from the typical free-particle-like motion, which is possible only within the inner chain.
APPENDIX B: GROUND STATE LATERAL WAVEFUNCTIONS
